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Abstract: Let G = (V(G), E(G)) be a connected graph. For i,j, k € N with
i > j >k, L(i,j, k)-labeling of graph G is an integer labeling of the vertices of
graph G such that labels of adjacent vertices differ by at least i, labels of vertices
at distance two differ by at least 7 and labels of vertices at distance three differ
by at least k. In this paper, we discuss L(3,2, 1)-labeling for crown, arm crown,
tadpole, and closed helm graphs.
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1. Introduction

The main objective in the set-up of a wireless communication system is the
assignment of channels to radio transmitters. A proper channel assignment to
radio transmitters that satisfies interference constraints with minimum use of the
spectrum is desirable. The inference between two channels is inversely proportional
to the distance between transmitters. That is, in a network, if two transmitters are
closer than the inference is higher between them. In this case, the channel assigned
to these two transmitters must have a large separation to avoid inference. Also, if
the distance between two transmitters is sufficiently large, the same channel can
be assigned to both transmitters. Hale [9] studied this problem for the first time
in 1980, and later it was modified by Roberts [14], which is called the channel
assignment problem. Motivated by channel assignment, Griggs and Yeh [8] have
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defined L(2,1)-labeling of a graph. It was defined as follows:

Definition 1.1. An L(2,1)-labeling of a graph G = (V(QG), E(G)) is a function
[ V(G) = NU{0} such that |f(x)—f(y)| = 2 if d(x,y) = 1, and | f(z) = f(y)] > 1
if d(z,y) = 2. The span of [ is defined as spanf = mazx{f(v)lv € V(G)}. Then
the L(2,1)-labeling number k(G) = mfin span(f).

They have also studied the newly defined concept for cycles and trees. Exact
A-number of cycles were also determined, while upper and lower bounds of the
radio number of trees in terms of maximum degree were also discussed. They also
proved that finding A(G) is an NP-complete problem. Wang [17] gave a sufficient
condition for trees to achieve lower bounds for A-number. Vaidya and Bantva [16]
investigated the A-number for some cacti.

Shao [12] introduced an L(3, 2, 1)-labeling of a graph as a variant of the L(2, 1)-
labeling. It was defined as follows:

Definition 1.2. An L(3,2,1)-labeling of a graph G = (V(G), E(Q)) is a function
[ V(G) > N such that |f(z) — f(y)] > 3 if dz,y) = L, |f(z) — [(3)] > 2
if d(x,y) = 2 and |f(x) — f(y)| > 1 if d(x,y) = 3. The span of [ is defined
as spanf = maz{f(v)|lv € V(G)}. Then the L(3,2,1)-labeling number k(G) =
mfinspan(f).

Shao [15] and Shao and Liu [12] have given an upper bounds for L(3,2,1)-
labeling number for various classes of graphs. In 2005, Clipperton et al. [6] deter-
mined the k-number for the path, cycle, caterpillar, complete graph, and complete
bipartite graph. Also, they have given an upper bound for k(G) in terms of the
maximum degree of the graph. In [4], Chia et al. have studied L(3,2,1)-labeling
for various graph operations.

Kim et al. [10, 11] have investigated L(3, 2, 1)-labeling for the Cartesian product
of a complete graph and a cycle, as well as the Cartesian product of a path and a
cycle. While, Zhang [8] has discussed L(3, 2, 1)-labeling for various trees. k-number
for the fan, double fan, wheel, and friendship graph was investigated by Murugan
and Suriya [13]. Amanathulla and Pal [1, 2, 3] have discussed L(3,2,1)-labeling
for several classes of graph.

In this paper, we obtain an L(3,2, 1)-labeling number for the crown graph, arm
crown graph, tadpole graph, and closed helm graph.

2. Basic Preliminaries

Throughout this paper, we have considered a finite, simple, undirected, and
connected graph G = (V(G), E(G)). For terminology related to graph theory,
we refer to Clark and Holton [5]. For an extensive survey on graph labeling and
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bibliographic references, we refer Galian [7]. Now, we will list the definitions and
results required for the advancement of the paper.

Definition 2.1. Let G and H be two graphs. The Corona product of G and
H, denoted by G ® H, is obtained by taking one copy of G and |V (G)| copies of
H, and by joining each vertex of the i" copies of H to the it" wertex of G, for
i=1,2,3,...,|V(G)|.

Definition 2.2. The crown graph (C, ® K1) is obtained by joining a pendant edge
to each vertex of cycle C,,

Definition 2.3. The armed crown is a graph in which path Py is attached at each
vertex of cycle C,, by an edge. It is denoted by ACr, where n is the number of
vertices in cycle C,.

Definition 2.4. The graph obtained by joining cycle C,, to a path P, by an edge
is called tadpole graph. It is denoted by T'(m,n).

Definition 2.5. The wheel graph W, is defined to be the join K+ C,,. The vertex
corresponding to Ky is known as the apex vertex and the vertices corresponding to
cycle are known as rim vertices while the edges corresponding to cycle are known
as rim edges.

Definition 2.6. The helm H,, is the graph obtained from wheel W,, by attaching a
pendant edge to each rim vertexz.

Definition 2.7. The closed helm C'H, 1is the graph obtained from helm H, by
joining each pendant vertex to form a cycle.

Proposition 2.8. (Clipperton et al. [6]) For any cycle C,, with n > 3,
7. ifn =3,

8 if n is even,

9;  ifnis odd and n # 3,7,

10; ifn=".

k(Cn) =

Proposition 2.9. (Clipperton et al. [6]) For any complete graph K,, k(K,) =
3n — 2.

Proposition 2.10. (Murugan Suriya [13]) For Wheel graph, W,
10, if n=3;

k(W,,) = < 11, if n =4
2(n+1), ifn>5.
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3. Main Results
Theorem 3.1. For crown graph C,, ® Ky with n > 3,

(9;  if n=0(mod 4),
10;  if n = 2(mod 4),

KOy © Ky) = 11; ifn =23,
" Y 11; ifn=1(mod 4) and n > 5,
12, ifn=5,

(12; if n=3(mod 4) and n > 5.

Proof. Let C,,® K be the crown graph with vertex set V(C,,© K1) = {v1,vs, ..., Up,
vy, v, ... v} and edge set E(C, © K1) = {vivi11/1 < i < n}U{vv)/1 <i <
n} U{vv,}.

We define f: V(C, ® K;) — N, as per the following nine cases:

Case-1 For n = 0(mod 4).

By Proposition 2.8, we have k(C,,) = 8, for even n.

Since C,, is a subgraph of C, ® Ky, k(C, ® K;) > 8.

It is not possible to label C,, ® K with {1,2,3,...,8} and satisfy the condition for
L(3,2,1)-labeling. Thus, k(C, ® K7) > 8.
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The above defined vertex labeling function satisfies the condition for L(3,2,1)-

labeling. Thus, f is an L(3, 2, 1)-labeling of C,, ® K;. In addition, it uses minimum
labels. Thus, k(C,, ® K1) =9 for n = 0(mod 4).

Case-2 For n = 2(mod 4).

By Proposition 2.8, we have k(C,,) = 8, for even n.

Since C,, is a subgraph of C,, ® K, k(C, ® K;) > 8. It is not possible to label
C, ® Ky with {1,2,3,...,9} and satisfy the condition for L(3,2,1)-labeling. Thus,
k(Cn © Kl) > 9. ASSign f(vl) = 17 f(UQ) = 4a f(’Ug) = 7a f(U4) = 27 f(1)5> = 57
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f(vg) =38,

f(U4¢+3) =1

f(Vsipa) = 6 . n

Flones) = 3 for 1 <1< [——‘ -1,

f(U4i+6) =38

f(1) =6, f(vy) =9, f(vy) =10,f(vy) =9, f(vg) = 10, f(vg) = 3,
f(Uiqus) =4
f(viz‘+4) =9

f(vliys) =10
f(UZqu(s) =95

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C},, ® K;. In addition, it uses minimum
labels. Thus, k(C,, ® K;) = 10 for n = 2(mod 4).
Case-3 For n = 3.
By Proposition 2.8, we have k(C3) = 7.
Since Cj is a subgraph of C3 ® K, k(C3 ® Ky) > 7.
For vertices corresponding to cycle, assign f(v1) = 1, f(vo) =4, f(v3) = 7.
As d(vy,v1) = 1 and d(v}, v2) = d(v], v3) = 2, the minimum possible value for f(v])
is 9.
Similarly, the minimum possible values for f(v}) is 10 and f(v%) is 11.
Now, f(v1) = 1, f(v2) = 4, f(v3) = 7, f(v}) = 9, f(v}) = 10, f(v}) = 11 is an
L(3,2,1)-labeling of C5 ® K7 with minimum span.
Therefore, k(C3 ® K;) = 11.
Case-4 For n = 1(mod 4), n > 5.
By Proposition 2.8, we have k(C),) =9, for odd n and n # 3, 7.
Since C), is a subgraph of C, ® K3, k(C, ® K;) > 9.
It is not possible to label C,, ® K with {1,2,3,...,10} and satisfy the condition
for L(3,2,1)-labeling. Thus, k(C,, ® K;) > 10.
ASSign f(vl> = 57 f(UZ) = 17 f(UB) = 77 f(vll) = 37 f(UE)) = 97

f(U4i+2) =1

f(vaiy3) =6 .

Flones) = 3 for1 << [—-‘ -1,

f(U4z'+5) =38

f(v) =10, f(vy) =9, f(vs) =10, f(v}) =11, f(v5) =5,
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f(vz,u+2) =4
" =11
f(vng) for 1< i< {ﬁ" 1
f(v4i+4) =10 4

f(”f;i+5) =11
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C,, ® K;. In addition, it uses minimum
labels. Thus, k(C,, ® K;) = 11 for n = 1(mod 4).
Case-5 For n = 3(mod 4).
By Proposition 2.8, we have k(C,) =9, for odd n and n # 3, 7.
Since C,, is a subgraph of C, ® Ky, k(C, ® K1) > 9.
It is not possible to label C, ® K; with {1,2,3,...,
for L(3,2, 1)-labeling. Thus, k(C,, ® K;) > 11.
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S (Vii115) for 1 <1 < —‘ — 4.

U4z+14

f(Wiips) = 12
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C,, ® K;. In addition, it uses minimum
labels. Thus, k(C’ ® Kl) = 12 for n = 3(mod 4).
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Case-6 For n = 5.

By Proposition 2.8, we have k(C5) = 9.

Since Cj is a subgraph of C5 © K, k(C5 ® K1) >
For vertices corresponding to cycle, assign f(v;) =
3, f(vs) = 9. (By Proposition 2.8)

As d(vi,v) = 1, d(v],v9) = d(v],v5) = 2 and d(v},v4) = 3, the minimum possible
value for f(v}) is 11.

Similarly, the minimum possible values for f(vj) is 10, f(v4) is 12, f(v}) is 11 and
f(oh) is 12.

Now f(vl) = 5,f(’02) = 1,f(1)3) = 7af(v4) = 3,f(1)5) = 9a f(vi) = 11,f(7]é) =
10, f(vg) = 12, f(vy) = 11, f(vf) = 12 is an L(3,2,1)-labeling of C5 ® K; with
minimum span.

Therefore, k(C5 © K;) = 12.

Case-7 For n = 7.

By Proposition 2.8, we have k(C7) = 10.

Since CY is a subgraph of C7; ® K1, k(C7 ® K;) > 10.

It is not possible to label C7 ® K7 with {1,2,3,...,11} and satisfy the condition
for L(3,2,1)-labeling.

Thus, k(C7 ® K;) > 11.

ASSigIl f(vl> = 1,f(U2) = 4,f(U3) = 7,f(U4) = 1O,f(1}5) = 37f(U6> = 6,f(U7) =
0, F(v}) = 11, F(u}) = 12, (1) = 2, F(v}) = 1, f(u}) = 8, F(0§) = 11, f(t) = 12.
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C7 ® K;. In addition, it uses minimum
labels. Thus, k(C; ©® K;) =12 .

Case-8 For n = 11.

By Proposition 2.8, we have k(C11) = 9.

Since (7 is a subgraph of C; ©® Ki, k(Cy; © Ky) > 9.

It is not possible to label C}; ® K with {1,2,3,...,11} and satisfy the condition
for L(3,2,1)-labeling.

ThU.S, k‘(Cll ® Kl) > 11.

9.
5, fva) =1, f(vs) =7, f(va) =

ASSigIl f(Ul) = 1,f(2)2) = 6,f<’l}3) = 3,f(1)4 = 8,f(1]5) = 57f<v6) = 1,f(1)7) =
9,f(vs) = 6, f(vg) = 2, f(vo) = 8 flon) = 4, f(v1) = 9, f(vy) = 10, f(vg) =
1L, f(vy) = 12, f(v5) = 10, f(vg) = 7, f(v7) = 3, f(vg) = 10, f(vg) = 11, f(v}o) =

12, f(vyy) = 11.

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3, 2, 1)-labeling of C1; ® K;. In addition, it uses minimum
labels. Thus, k(Cy; © K;) =12

Case-9 For n = 15.
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By Proposition 2.8, we have k(C5) = 9.

Since Cf5 is a subgraph of Ci5 ® K, k(C15 ® K1) > 9.

It is not possible to label C5 ® K; with {1,2,3,...,11} and satisfy the condition
for L(3,2,1)-labeling.

Assign
f(vsi-1ys1) =5
J(vsi—1)42) =1
Jf(vsi—1y43) =7 p for 1 <i <3,
f(vs(i—1y44) = 3
f(vsi-1)+5) =9
f(vé(iﬂwl) =11)
f(”é(i—l)w) =10
S(W5i_1)3) = 12 pfor 1 <4 < 3.
f(vé(i—1)+4> =11
f(vg(i—1)+5) = 12)

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C15® K;. In addition, it uses minimum
labels. Thus, k(Cy5 ® K1) = 12 . Hence, the result.

Theorem 3.2. For arm crown graph ACr, withn > 3,

(9;  if n = 0(mod 4),
10; if n = 2(mod 4),
K(ACH,) = {11 1T =3,
11; if n =1(mod 4) and n > 5,
12; ifn=5
(12; if n = 3(mod 4) and n > 5.

Proof. Let ACr, be the arm crown graph with vertex set V(ACT,,) = {vi,vq, ..., vy,
vy, Vhy oo, v vl ol and edge set E(ACT,) = {vivi41/1 < i < n}U{vv, U
{v;v}/1 <i<n}uU{v!/1 <i<n}.

We define f: V(ACT,) — N, as per the following nine cases:

Case-1 For n = 0(mod 4).

Since C,, ® K is a subgraph of AC'r,, and according to Theorem 2.1, k(C,,® K;) =9

for n = 0(mod 4).
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Therefore, k(ACT,) > 9
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The above deﬁned vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of ACr,. In addition, it uses minimum

labels. Thus, k(ACr,) =9 for n = 0(mod 4).
Case-2 For n = 2(mod 4).

Since C,,® K7 is a subgraph of AC'r,, and according to Theorem 2.1, k(C,©K;) = 10

for n = 2(mod 4).
Therefore, k(ACr,) > 10.

ASSign f(vl) = 17 f(UZ) = 47 f(UB) = 7a f(U4) = 2, f(U5) = 57 f(vﬁ) = 87

f (U4z'+3) =

Jon) =61 o [ﬂ 1

f(“4z+5) =10
f<v4i+6) =95
ff) =3, f(v) =
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The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of ACr,,. In addition, it uses minimum
labels. Thus, k(ACT,) = 10 for n = 2(mod 4).

Case-3 For n = 3.

Since C3® K] is a subgraph of ACr; and according to Theorem 2.1, k(C30 K;) = 11.
Therefore, k(ACrs) > 11.

Now, f: V(ACrs) — {1,2,...,11} defined by f(vy) = 1, f(ve) = 4 f(Ug) =7,
F(0) =9, F(uh) = 10, f(uh) = 11, f(u}) = 3, F(v) = 2 and f(uf) =

Therefore, k(ACr;) = 11.

Case-4 For n = 1(mod 4) and n > 5.

Since C,,® K7 is a subgraph of ACr,, and according to Theorem 2.1, k(C,,©K;) = 11
for n = 1(mod 4) and n > 5.

Therefore, k(ACr,) > 11.

ASSigH f(Ul) - 5 f<v2) = 17 f(vfi) = 77 f(U4) = 37 f(US) = 9a

(U4z+2)
[ (Vi) = 6 . n
Flogia) = 3 for 1 <1< [Z—‘ -1,
(U4z+5) =38
fv) =10, f(vy) =9, fvg) =10, f(vy) =11, f(vg5) =5,
f(U4z+2) 4
f(v4i+3) =11 ) n
Fy— o= 5]t
f(”ﬁu;ﬁ) =11
ff) =2, f( 5) =3, flvg) =4, f(vf) =1, f(v5) =
(U4z+2)
(U4z 3) 2 . n
(4;4) 1 forl1 <:i< [Z—‘ — 1.
(U4z+5) =2

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of ACr,. In addition, it uses minimum
labels. Thus, k(ACr,) = 11 for n = 1(mod 4).

Case-5 For n = 3(mod 4) and n > 5.
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Since C,,® K7 is a subgraph of AC'r,, and according to Theorem 2.1, k(C, 0 K;) = 12
for n = 3(mod 4) and n > 5.

Assign
f(U5(i—1)+1) = 5\
fusi-1)42) =1
f(vs(i—1y43) =7 pfor 1 <i <3,
f(U5(i—1)+4) =3
f(vsi-1)15) = 9)
f(vai12) =1
J(vai413) = 6 for1 <i< {ﬁ—‘ —4,
f(vaig14) = 3
f(vait15) = 8
f(v (-1)+1) = 11)

5 )
5 )
f(vg(i_1)+3) =123 for1 < <3,
5 )
5 )

for 1 <i <3,

<

NS

+

—

w
S~— N N

I
(G20 RN |

n
f 1<'<H—4.
or AN 4

f(Vli15) =2
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of ACr,,. In addition, it uses minimum
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labels. Thus, k(ACTr,) = 12 for n = 3(mod 4).

Case-6 For n = 5.

Since C5® K is a subgraph of ACrs; and according to Theorem 2.1, k(C50K;) = 12.
ASSign f(vl) = 5,f(’l)2> = 1,f(1)3) = 7,f(U4) = 3,f(U5) = 97f(vi) = 11,f('Ué> =
10, f(uh) = 12, () = 11, f(u}) = 12, f(u}) = 2, F(uf) = 3, f(u}) = 4, F(u) =
1L f(t) =

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of ACrs. In addition, it uses minimum
labels. Thus, k(ACr;) = 12.

Case-7 For n = 7.

Since C;® K is a subgraph of ACr; and according to Theorem 2.1, k(C70 K7) = 12.
ASSigH f(vl) = 1,f(1)2) = 4,f<’l)3) = 7,f(U4) = 107f<v5) = 37f(v6) = 6,f(1)7) =
0, f(1]) = 11, f(vl) = 12, f(v§) = 2, f{v) = 1, F(uh) = 8, f(vf) = 11, f(v}) =
12, F(o) = 3, F(0)) = 2, F(08) = 5, F(o}) = 4, F(0l)) = 1, F(ul) = 1, (o) =2

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of ACr;. In addition, it uses minimum
labels. Thus, k(ACr;) = 12.

Case-8 For n = 11.

Since C1; ® K7 is a subgraph of ACr;; and according to Theorem 2.1, k(C1 O K;) =
12.

Assign f(vi) = 1, f(v2) = 6, f(v3) = 3, f(va) = 8, f(vs) = 5, f(ve) = 1, f(vr) =
9, f(vs) = 6, f(vg) = 2, f(vio) = 8, f(vir) = 4, f(v)) = 9, fvg) = 10, f(v3) =
11,]((7}:1) - 127f Ué - 107f(v(/3) - ’f(vé) = 37 f(vé) = Ouf(vfl)) = 11’f(U/10> =
12, f(vyy) = 11, f(v)) = 3, f(vy) = 2, f(v3) = 1, f(v} ) f(v) = 2, f(vg) =
3, f(v7) =7, f(vg) =1, f(vg) =4, f(v]y) =1, fvfy) =

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of ACry;. In addition, it uses minimum
labels. Thus, k(ACr;) = 12.

Case-9 For n = 15.

Since C15® K7 is a subgraph of ACr;5 and according to Theorem 2.1, k(C150 K;) =
12.

(U5(i-1)+1) =5
f(vsi-1)42) =1
f(usii—ny43) =7 pfor 1 <i <3,
f( ) )=3
f( +5) =9
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S/

f(vé(i—l)—i-l) =11

f(vgi-1y42) = 10

f(”é(z'—1)+3) =123 for1 < <3,
f(vg(i—1)+4) =11

f(vg(z‘f1)+5) = 12)

f(vg(i—l)-i-l) =2)

f(vg(ifl)JrZ) =3

S(WEi1y4s) =2 pfor 1 <4 < 3.
f(vg(z—1)+4) =1

f(vg(zel)Jrs) = 1)

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of ACr;5. In addition, it uses minimum
labels. Thus, k(ACr5) = 12. Hence, the result.

Theorem 3.3. For tadpole graph T'(m,n) with m >3 andn > 1,

8; if m =3 or m is even,
k(T(m,n)) =49; if misodd and m > 9,
10; if m=5,T7.

Proof. Let T'(m,n) be the tadpole graph with vertex set V(T'(m,n)) = {v;/i =

1,2,...,m}U{u;/j =1,2,...,n} and edge set E(T(m,n)) = {vviy1/i =1,2,...,

m — 1} U{viv,, vus } U{wuin/i=1,2,...,n— 1},

We define f: V(T'(m,n)) — N, as per the following five cases:

Case-1 For m = 3.

By Proposition 2.8, we have k(C3) = 7.

Since C is a subgraph of T'(m,n), k(T (m,n)) > 7.

If we assign f(vy) =1, f(v2) =4, f(v3) = 7. Then we must assign f(u;) = 9. But

we want a minimum label to assign.

Therefore, we reassign f(vi) = 1, f(va) = 4, f(vs) = 8, f(uy) = 6, f(uz) =

3, fluz) =8, fug) = 1,
f(U,4i+1) =6 for 1 S 1 S

L
fugipo) =3 for 1 <i < VL
L

f(U4i+3> =8 for 1 S 1 S
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f(U4Z‘+4) =1forl S ) S LHT%J .
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of T'(m,n). In addition, it uses minimum
labels. Thus, k(T'(m,n)) = 8 for m = 3.
Case-2 For even m.
Subcase-I For m = 0(mod 4) with m > 4.
By Proposition 2.8, we have k(C,,) = 8, for even m.
Since C, is a subgraph of T'(m,n), k(T (m,n)) > 8.

Assign
(U4z+1) 1
i 6
f(vaiz) = forogigﬂ—l,
(U4z+3) 3 4
(U4z+4) 8
f(ul) - 47f<u’2) = 77 f(U3) = 227f(u4> = 57f<u5> = 87
Fltgips) =1for 1 <i < "; ,
(U4Z+3) =6 for 1 Slé n;?) s
-4
fugizq) =3 for 1 <i < n4 ,
(U4Z+5) —8fOI' 1 SZS n;5 .

The above defined vertex la_beling_function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(m,n). In addition, it uses minimum
labels. Thus, k(T (m,n)) = 8 for m = 0(mod 4) with m > 4.

Subcase-II For m = 2(mod 4) with m > 10.

By Proposition 2.8, we have k(C,,) = 8, for even m.

Since Cy, is a subgraph of T'(m,n), k(T (m,n)) > 8

ASSigH f(vl) - 17 f(UQ) = 47 f(Ug) = 77 f<U4) = 27 f(U5) = 5’ f(U(s) =

f(vaigs) =1
fon) =6 L o e m=6
(U41+5) =3
[ (vairs) =8
fur) =6, f(u2) = 3, f(us) Z_ 1) =

)—‘\.

f(u4z'+1)=6f0r1§z§L

| A~

flu
|
|

f(U4i+2)=3f0r1§i§L
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f(U4i+3> =8 for 1 S 1 S LHT%J,

fugipa) =1for 1 <i < LnT_ZlJ
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(m, n). In addition, it uses minimum
labels. Thus, k(T'(m,n)) = 8 for m = 2(mod 4) with m > 10.
Case-3 For odd m > 9.
Subcase-I For m = 1(mod 4) and m > 9.
By Proposition 2.8, we have k(C,,) =9, for odd m.
Since C, is a subgraph of T'(m,n), k(T (m,n)) > 9.
Assign f(01) = 5, f(v2) = 1, f(us) = T, f(vs) = 3, f(v5) = 9,

f(U4z'+2) =1
J(vais) for 1<i< [TW 1,
f(U4z‘+4) =3 4
f(Vai5) = 8
f(u1> = 97f(u2) = 67 f(U3) - 37f<u4) = 87
-1
f(U4i+1> =1for1l S ) S n 1 s
-4
f(ugipo) =6 for 1 <i < n4 ,
-4
f(ugirg) =3 for 1 <i < n4 ,
- A
f(U4Z‘+4) =8 for 1 S 1 S n 4 .

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(m, n). In addition, it uses minimum
labels. Thus, k(T (m,n)) =9 for m = 1(mod 4) with m > 9.

Subcase-II For m = 3(mod 4) with m > 19.

By Proposition 2.8, we have k(C,,) =9, for odd m.

Since Cy, is a subgraph of T'(m,n), k(T'(m,n)) > 9.

Assign

)=5
(vsi3) =1

f(U5Z'_2) =T, forl S 1 S 3,
f(vsia) =3
)=9
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f(vaip12) =1
i =6

S (Vrit1s) for 1 <i < [—-‘ — 4,

f(vgiv14) =3

f(vaip15) =8

f(ul) = 97f(u2) = 6,f(U3) - 37f(u4) = O,
—1

f(U4i+1):1fOI1§i§ n4 s
-2

f(ugivo) =6 for 1 <i < n4 ,

f(U4Z‘+3) =3 for 1 Slg 7113 s
—4

f(ugirg) =8 for 1 <i < n4 )

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(m, n). In addition, it uses minimum
labels. Thus, k(T (m,n)) =9 for m = 3(mod 4) with m > 19.

Subcase-11I For m = 11.
By Proposition 2.8, we have k(C1)
Since C1; is a subgraph of T'(11,n), k( (11 n)) > 9.

Assign f(vi1) = 1, f(v2) = 6, f(v3) = 3, f(va) =
9,f(v8):6,f<1}9):2,f(1)10):8f( )_4f(

2
flugio) =6for 1 <i< ni— ,
1
flug1)=3for1<i< nz ,

f(U4Z) =8 for 1 S 1 S L%J,
n—1
L 4 1
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of T'(11,n). In addition, it uses minimum
labels. Thus, k(7'(11,n)) = 9.

Subcase-1V For m = 15.

By Proposition 2.8, we have k(Cy5) = 9.

Since (45 is a subgraph of C5 © Ky, k(T(15,n)) > 9.
Assign

flugivr) =1for 1 <i<
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f(vsi—1)+1) =1
f(vsi—1)42) =7
f(vs—1y+s) =3 pfor 1 <i <3,
f(U5(z‘71)+4) =9
f(UB(i—1)+5) = 5)
f(ul) = 97
2

f(ugi—o) =6 for 1 <i< nl— 7

L -
f(u4z—)—3f0r1<l< nl_ ,
f(ug) =8for1 <i< L%}

-1

f(ugirr) =1for 1 <i< n4

The above defined vertex la_beling—function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(15,n). In addition, it uses minimum
labels. Thus, k(T'(15,n)) = 9.

Case-4 For m = 5.

By Proposition 2.8, we have k(C5) = 9.

Since Cj is a subgraph of T'(5,n), k(T(5,n)) > 9.

For vertices corresponding to cycle, assign f(v1) = 1, f(ve) =7, f(vs3) =3, f(vy) =
9, f(vs) = 5. (By Proposition 2.8) Then in all possible labeling, the minimum label
we can assign to f(up) is 10. Thus,

f(u1) = 10,
f(U4Z‘_2) =6 for 1 S Ln 1_ QJ
f(U,47;_1) =3 forl < S Ln 1_ 1J

f(ug) =8for1 <i< L%J

flugipr) =1for 1 <i< L J
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of T'(5,n). In addition, it uses minimum
labels. Thus, k(T'(5,n)) = 10.
Case-5 Form = 7.
By Proposition 2.8, we have k(C7) = 10.
Since C7 is a subgraph of T'(7,n), k(T(7,n)) > 10.
Assign f(v1) =1, f(v2) =8, f(v3) =5, f(ve) =2, f(vs) =10, f(ve) =7, f(v7) =4

3
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flugiz)=6for 1 <i<

(
flugio) =3 for 1 <4
(

f

flug)=1for1 <i< LLJ

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of T(7,n). In addition, it uses minimum
labels. Thus, k(T'(7,n)) = 10. Hence, the result.

Theorem 3.4. For closed helm graph CH,, withn > 3,

Ugi— 1)—8f01"1< <

13; ifn=3and 4,
K(CH,) = 15; ifn==6,
") 16; ifn=>5,

2(n+1); ifn>T7.

Proof. Let C'H,, be the closed helm graph with vertex set V(CH,,) = {v1, va, ..., Uy,
vy, vy, ... vl v} and edge set E(CH,) = {vvi11/1 < i < n} U {vivi, /1 < i <
n}U{vvi/1 <i<n}U{vy;/1 <i<n}U{vv,}U{viv)

We define f: V(CH,) — N, as per the following five cases:

Case-1 For n = 3.

Since W3 is a subgraph of C'H3 and by Proposition 2.10, k(W3) = 10. Therefore,
k(CHs) > 10.

It is not possible to label C'Hy with {1,2,3,...,12} and satisfy the condition for
L(3,2,1)-labeling. Thus, k(C'Hj) > 12.

ASSign f(vl) = 57 f(UQ) = 97 f(vfﬂ) = 137 f(U) = 17 f(vi) = 117 .f(vé) = 3 and
Flh) =17,

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of C'H3. In addition, it uses minimum
labels. Thus, k(C'Hs) = 13.

Case-2 For n = 4.

Since W, is a subgraph of C'H, and by Proposition 2.10, k(W) = 11. Therefore,
k(CHy) > 11.

It is not possible to label C'H, with {1,2,3,...,12} and satisfy the condition for
L(3,2,1)-labeling. Thus, k(CHy) > 12.

ASSigH f(vl) = 9’ f(v2) = 47 f(Ug) = 77 f(’U4) = 127 f(U) = 17 f(v,l) = 67
F(uh) =13, F(v) = 10 and f(}) = 3.
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The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of CHy. In addition, it uses minimum
labels. Thus, k(C'Hy) = 13.

Case-3 For n = 6.

Since Wy is a subgraph of C'Hg and by Proposition 2.10, k(Ws) = 14. Therefore,
k(CHg) > 14.

It is not possible to label C'Hg with {1,2,3,...,14} and satisfy the condition for
L(3,2,1)-labeling. Thus, k(C'Hg) > 14.

Assign f(v1) = 1, f(v2) = 10, f(vs) = 5, fva) = 12, f(vs) = 3, flve) = 8,
F(0) = 15, f(o}) = 4, f(0h) =7, F(uh) = 2, F(v}) =9, f(u}) = 6 and f(vf) = 11.
The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2,1)-labeling of C'Hg. In addition, it uses minimum
labels. Thus, k(C'Hg) = 15.

Case-4 For n = 5.

Since W is a subgraph of CH; and k(W5) = 12. Therefore, k(CHs) > 12.

It is not possible to label C'Hg with {1,2,3,...,15} and satisfy the condition for
L(3,2, 1)-labeling. Thus, k(C'Hs) > 15.

ASSign f(vl) = 17 f(UQ) = 47 f(’Ug) = 77 f(’U4) = 107 f(’UEJ) = 13a f(U) = 167
f(oy) =8, f(vy) =11, f(vs) = 14, f(v}) = 2 and f(vf) = 5.

The above defined vertex labeling function satisfies the condition for L(3,2,1)-
labeling. Thus, f is an L(3,2, 1)-labeling of C'Hs. In addition, it uses minimum
labels. Thus, k(C'Hs) = 16.

Case-5 Forn > 7.

Since W, is a subgraph of CH,, and k(W,) = 2(n + 1) for n > 7. Therefore,
k(CH,) >2(n+1).

Define f: V(CH,) — {1,2,...,2(n+ 1)} as

Subcase-1 For even n.

f(vgi_1) = 2i — 1; forl1 <i¢< g,

f(ve) =2i+ (n—1); forlgzgg,

f(v) =2(n+1),

Jf(vy_y) =20+ 2; for1 <i< %’
—2

fvh;) =20+ (n+ 2); for 1 <i< ’

f(véfl): )

f(u,)=n+2.

Subcase-1I For odd n.
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1

f(vai—q) =20 — 1; for1 <i< %7
—1

f(ve) = 20 + m; for 1 <i< nT’
f(v)=2(n+1), 1

fug y) =2i+2; forlgign;r ,
f(v _

h) = 20+ (n + 3);
flvp 1) =2.
The above defined vertex labeling function satisfies the condition for L(3,2,1)-

labeling. Thus, f is an L(3,2,1)-labeling of CH,,. In addition, it uses minimum
labels. Thus, k(C'H,,) = 2(n + 1). Hence, the result.

4. Concluding Remarks

The L(3,2,1)-number k is completely determined for four new graph families.
This work is an effort to relate the L(3,2, 1)-number of cycle, and the larger graphs
obtained from cycle. Thus, gives a better idea for the expansion of wireless networks
without inferences.
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